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Abstract
The Snyder-de Sitter model is an extension of the Snyder model to a de Sitter background. It is called triply
special relativity (TSR) because it is based on three fundamental parameters: speed of light, Planck mass and
cosmological constant. In this paper, we study the three dimensional DKP oscillator for spin zero and one in the
framework of Snyder-de Sitter algebra in momentum space. By using the technique of vector spherical harmonics
the energy spectrum and the corresponding eigenfunctions are obtained for the both cases.
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1 Introduction
The noncommutative geometry plays a crucial role in the quest for a quantum theory of gravity. The first model
of noncommutative geometry was introduced in 1947 by Snyder [1] in order to regularize the divergences that arise
in quantum field theory (QFT) over the discretization of spacetime. However, this model did not attract much
attention for many years, because of the success of the renormalisation theory, with the exception of certain works
in the sixties [2–6].
After several decades, Snyder’s idea was revived and it was motivated by the development of string theory [7,8]
and different approaches of quantum gravity [9, 10]. String theory arguments to imply a lower bound on the
localization of particles in spacetime or minimal uncertainty in position. Snyder’s model can be viewed as an
example of doubly special relativity (DSR) [11–14] with one more universal constant in addition to c, the speed of
light in vacuum.
The Snyder algebra is generated by the spacetime Xµ and momenta Pν operators, which satisfies the commu-
tation relations,
[Xµ, Pν ] = iℏ (gµν + ηPµPν) ; [Pµ, Pν ] = 0; [Xµ, Xν ] = iℏηJµν , (1)
where gµν=diag(−1, 1, 1, 1), η is a coupling constant of the order of the Planck length and dimensionally [η] =
[momentum]
−2
. Here, Jµν = XµPν −XνPµ are the generators of the Lorentz symmetry. During the recent years,
there has been a growing interest in studying the properties of the Snyder model and its dynamics from different
points of view [15–18], and more recently a construction of a scalar quantum field theory on Snyder spacetime has
been proposed [19].
Over the past few years, a large amount of effort has been devoted to generalize the Snyder model to spacetimes
of constant curvature, by introducing a new fundamental constant α proportional to the cosmological constant. The
resulting model is characterized by three invariant scales, the speed of light in vacuum, c, a mass η and a length α,
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and it is called triply special relativity (TSR) or Snyder de Sitter (SdS) model [20–24]. To our knowledge, only a
few works have studied the properties of SdS space [25–32].
The Duffin-Kemmer-Petiau (DKP) equation [33–35] is a first order relativistic wave equation and it is used to
analyze relativistic interactions of spin-0 and spin-1 hadrons with nuclei. The DKP theories yield results that are
in better agreement with experimental data than the Klein-Gordon (KG) theory in the analysis of deuteron-nucleus
and α-nucleus elastic scattering and mesons [36,37]. The DKP equation is similar to the Dirac equation, where we
replace the algebra of the γµ-matrices by the matrices βµ verifying the algebra
βµβνβλ + βλβνβµ = gµνβλ + gλνβµ, (2)
where, the βµ are 5×5 matrices in the spin-zero representation and 10×10 matrices in the spin-one representation.
The DKP theory opens new ways which allow to implement other kinds of couplings which are not possible in the
KG or Proca theories.
The DKP theory has received a great attention due to its various applications in QCD at large and short distances
[38], in the deuteron nucleus scattering observables [39], in calculation of the meson-nucleus optical potentials [40],
in pion-nucleus scattering at medium energies [41], in the study of covariant Hamiltonian dynamics [42] and in
different topologies such as in the non-commutative space [43, 44] and in the cosmic string space-time [45], etc.
The principal aim of this paper is to solve the 3-dimensional DKP oscillator for spins 0 and 1 in curved Snyder
space. The structure of this paper is as follows: In Sect. 2, we briefly review a Snyder-de Sitter model and the DKP
equation. In Sect.3, we study the 3-dimensional deformed DKP oscillator for spin 0 with Snyder-de Sitter algebra
in the momentum space representation. We obtain the exact solution and the energy spectrum for this system.
In Sect.4, the eigensolutions have been obtained for the DKP oscillator in the case of spin 1. Sect. 5 covers our
conclusions.
2 Snyder-de Sitter algebra
In the non-relativistic Snyder-de Sitter model, the deformed Heisenberg algebra in 3-dimensional case is given
by [25, 26],
[Xi, Pj ] = i~ (δij + αXiXj + ηPiPj +
√
αη (PiXj +XjPi)) , (3)
[Xi, Pj ] = i~ηεijkLk ; [Pi, Pj ] = i~αεijkLk. (4)
Here, Lk are the components of angular momentum operator and α and η are small positive parameters. In the
limit α → 0 one recovers the Snyder algebra, in the limit η → 0 one recovers the deformed Heisenberg algebra in
de Sitter space endowed with projective coordinates [46], and when α and η both tend to zero one recovers the
undeformed Heisenberg algebra.
In the simple case in which 〈Xi〉 = 〈Pi〉 = 0, the uncertainty relation associated with (3) can be written as
(∆Xi) (∆Pj) >
~
2
(δij + α (∆Xi) (∆Xj) + η (∆Pi) (∆Pj) +
√
αη ((∆Pi) (∆Xj) + (∆Xj) (∆Pi))) . (5)
In the particular case when i = j, the uncertainty relation (5) reduce to
(∆X) (∆P ) >
~
2
(
1 + ~
√
αη
) (1 + α (∆X)2 + η (∆P )2) . (6)
The uncertainty relation above implies the appearance of minimal uncertainty in position as well as in momentum
given by
(∆X)min = ~
√
η
1 + 2~
√
αη
; (∆P )min = ~
√
α
1 + 2~
√
αη
. (7)
If α, η < 0, then no minimal uncertainty in position and in momentum arises. In the momentum representation,
the operators Xi and Pi can be written as
Xj = i~
√
1− ηp2 ∂
∂pj
+
√
η
α
λ
pj√
1− ηp2 , (8)
2
Pj = −i~
√
α
η
√
1− ηp2 ∂
∂pj
+ (1− λ) pi√
1− ηp2 , (9)
where p2 =
∑3
i=1 p
2
i , λ is an arbitrary parameter and p varies in the domain
]
− 1
η
; 1
η
[
. In order for the operators
Xi and Pi to be symmetric, the scalar product must be defined as
〈φ |ψ〉 =
∫ 1
η
− 1
η
d−→p√
1− ηp2φ
∗ (p)ψ (p) . (10)
On the other hand, the DKP equation for a free boson is given by(
c
−→
β .−→p +mc2
)
ψ = β0Eψ. (11)
For the case of spin-zero, the explicit expressions of the five-dimensional βµ-matrices are
β0 =
(
θ 0
0¯T 0
)
; βi =
(
0˜ ρi
−ρTi 0
)
, (12)
where
θ =
(
0 1
1 0
)
; ρ1 =
( −1 0 0
0 0 0
)
; ρ2 =
(
0 −1 0
0 0 0
)
; ρ3 =
(
0 0 −1
0 0 0
)
. (13)
Here, 0, 0˜ and 0¯ are 3 × 3, 2 × 2 and 2 × 3 zero matrices, respectively. For the case of spin-one, βµ are 10 × 10
matrices expressed as
β0 =


0 0¯ 0¯ 0¯
0¯T 0 1 0
0¯T 1 0 0
0¯T 0 0 0

 ; βj =


0 0¯ ej 0¯
0¯T 0 0 −iSj
−eTj 0 0 0
0¯T −iSj 0 0

 , (14)
where the matrices Sj are the usual 3 × 3 spin-1 matrices, and 1 is 3 × 3 unity matrix, the matrices 0¯ and ej are
given as
0¯ =
(
0 0 0
)
; e1 =
(
1 0 0
)
; e2 =
(
0 1 0
)
; e3 =
(
0 0 1
)
. (15)
3 Scalar DKP oscillator
In this section, we study the dynamics of a spin-zero particle in curved Snyder space. The DKP oscillator system
is introduced by the substitution, −→
P → −→P − iη0mω−→X, (16)
with ω being the oscillator frequency and η0 = 2
(
β0
)2− 1. Thus, the DKP equation for the DKP oscillator system
is [
c
−→
β
(−→
P − iη0mω−→X
)
+mc2
]
ψ = β0Eψ. (17)
The wave function ψ has 5-components which can be written as
ψ =
(
Ψupper
Ψlower
)
with Ψupper =
(
̥1
̥2
)
and Ψlower =

 ̥3̥4
̥5

 , (18)
and this 5-component wavefunction is simultaneously an eigenfunction of J2 and Jz,
Jˆ2ψ =
(
Lˆ2Ψupper(
Lˆ+ Sˆ
)2
Ψlower
)
= J (J + 1)
(
Ψupper
Ψlower
)
, (19)
Jˆzψ =
(
LˆzΨupper(
Lˆz + Sˆz
)
Ψlower
)
= M
(
Ψupper
Ψlower
)
. (20)
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For the DKP oscillator, the general solution is considered as
ψnJM =


fnJ (p)YJM (pΩ)
gnJ (p)YJM (pΩ)
i
∑
L
hnJL (p)Y
M
JL1 (pΩ)

 , (21)
where the spherical harmonics YJM (pΩ) are of the order J and, fnJ (p), gnJ (p), hnJL (p) are radial wave functions.
Here,
YMJL1 (pΩ) =
∑
λ,µ
〈JM | Lλ1µ〉YLλ (pΩ)χ1µ, (22)
are the normalized vector spherical harmonics. To get a solution of the Eq. (17) we substitute (21) into (17) to get
the coupled equations as
mc2fnJYJM + c
(
−~θ
√
α
η
√
1− ηp2−→∇ − i (1− λθ)
−→p√
1− ηp2
)∑
L
hnJLY
M
JL1 = EgnJYJM , (23)
mc2gnJ = EfnJ , (24)
c
(
−i~θ∗
√
α
β
√
1− ηp2−→∇ + (1− λθ∗)
−→p√
1− ηp2
)
fnJYJM + imc
2
∑
L
hnJLY
M
JL1 = 0, (25)
where
θ = 1− imω
√
η√
α
. (26)
By using the properties of vector spherical harmonics [47–49], one obtains the following coupled differential equa-
tions,
mc2F0 − ~cθ
√
α
η
√
1− ηp2

 −ξJ
(
d
dp
+ J+1
p
+ i
√
η
α
(
1−λθ
~θ
)
p
1−ηp2
)
H+1
+ζJ
(
d
dp
− J
p
+ i
√
η
α
(
1−λθ
~θ
)
p
1−ηp2
)
H−1

 = EG0, (27)
mc2G0 = EF0, (28)
~cθ∗
√
α
η
√
1− ηp2ξJ
(
d
dp
− J + 1
p
+ i
√
η
α
(1− λθ∗)
~θ∗
p
1− ηp2
)
F0 +mc
2H+1 = 0, (29)
− ~cθ∗
√
α
η
√
1− ηp2ζJ
(
d
dp
+
J
p
+ i
√
η
α
(1− λθ∗)
~θ∗
p
1− ηp2
)
F0 +mc
2H−1 = 0, (30)
with definitions
ξJ =
√
J + 1
2J + 1
; ζJ =
√
J
2J + 1
; fnJ =
F0
r
; gnJ =
G0
r
; hnJ,J±1 =
H±1
r
. (31)
Combining Eqs. (27), (28) and (29), (30), the component F0 can be written as[ (
1− ηp2) d2
dp2
− ηp d
dp
+
i
~
√
η
α
[
1− λθ∗
θ∗
+
1− λθ
θ
]
p
d
dp
− J (J + 1)
p2
(
1− ηp2)− η
α
(1− λθ) (1− λθ∗)
~2θθ∗
p2
(1− ηp2)
+i
√
η
α
(1− λθ∗)
~θ∗
1
(1− ηp2) + η + i
√
η
α
[
1− λθ∗
~θ∗
− 1− λθ
~θ
]
+
η
(
E2 −m2c4)
α~2c2θθ∗
]
F0 = 0. (32)
In order to simplify the differential equation above, we remove the term
(
1−λθ∗
θ∗
+ 1−λθ
θ
)
by setting
λ =
1
θθ∗
=
α
α+ ηm2ω2
, (33)
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in Eq.(32). With this choice, the differential equation for F0 can be reduced to the following form:
 d2
dp2
− ηp
(1− ηp2)
d
dp
− J (J + 1)
p2
−
ηMΩ
~
(
MΩ
~
− 1)
(1− ηp2)2 +
η
(
2MΩ
~
+ 1
)
+
η(E2−M2c4+M2Ω2c2)
~2c2
(1− ηp2)

F0 = 0, (34)
where the parameters E , M and Ω are defined as
E = E√
α+ ηm2ω2
; M = m√
α+ ηm2ω2
; Ω =
ω√
α+ ηm2ω2
.
In order to transform Eq. (34) into a class of known differential equations, we introduce the following change of
variable
ρ = ηp2, (35)
which casts Eq. (34) into the following form,[
ρ (1− ρ) d
2
dρ2
+
(
1
2
− ρ
)
d
dρ
− J (J + 1)
4ρ
−
MΩ
4~
(
MΩ
~
− 1)
(1− ρ) +
1
4
( E2
~2c2
− M
2c2
~2
+
M2Ω2
~2
+
2~MΩ
~2
+ 1 + J (J + 1)
)]
F0 = 0.
(36)
We note that this equation has three regular singular points at ρ = 0; 1;∞. In order to rewrite this equation in the
form of a known differential equation, we make the transformation,
F0 = (1− ρ)ϑ ρℓΞnJ , (37)
then, the differential equation above is reduced to the hypergeometric equation of the form[
ρ (1− ρ) d
2
dρ2
+
(
3
2
+ J − ρ
(
2 + J +
MΩ
~
))
d
dρ
+
1
4
( E2
~2c2
− M
2c2
~2
−
(
2MΩ
~
+ 1
)
J
)]
F0 = 0. (38)
where
ϑ =
MΩ
2~
; ℓ =
J + 1
2
. (39)
The regular solution of the differential equation (38) at origin ρ = 0 can be given in terms of the hypergeometric
functions as
Ξ = F
(
a, b, J +
3
2
; ρ
)
, (40)
whose parameters are given by
a =
MΩ
2~
+
J + 1
2
+
1
2
√
J (J + 1) +
E2 −M2c4
~2c2
+
M2Ω2
~2
+
2MΩ
~
+ 1, (41)
b =
MΩ
2~
+
J + 1
2
− 1
2
√
J (J + 1) +
E2 −M2c4
c2~2
+
M2Ω2
~2
+
2MΩ
~
+ 1. (42)
To obtain the energy spectrum, we can use the fact that the hypergeometric function becomes a polynomial if
b = −n or a = −n; n = 0, 1, 2... (43)
From (43), the energy eigenvalues of the system can be obtained as
En,J = ±c
√
2~mω (2n+ J) +m2c2 + [4n2 + 4n (J + 1) + J ] ~2 (α+ ηm2ω2), (44)
and the corresponding eigenvalues can be written in terms of the Jacobi polynomials, namely
F0 = N η J+12 pJ+1
(
1− ηp2)MΩ2~ P(MΩ~ − 12 ,J+ 12 )n (2ηp2 − 1) , (45)
where N is a normalization constant. It should be noted that due to the modification of the Heisenberg algebra, the
energy spectrum of our system contains an additional correction term and its value increases with the deformation
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parameters (α, η). In addition, the energy levels depend on the square of the quantum number n, which explains
the confinement in the high energy sector.
In the limit α→ 0 , we obtain the energy spectrum in the presence of minimal uncertainty in position as
En,J = ±c
√
2~mω (2n+ J) +m2c2 + [4n2 + 4n (J + 1) + J ]~2ηm2ω2, (46)
whereas for η → 0, we obtain the energy spectrum in the presence of minimal uncertainty in momentum as
En,J = ±c
√
2~mω (2n+ J) +m2c2 + [4n2 + 4n (J + 1) + J ] ~2α, (47)
and for α, η < 0, the energy spectrum becomes
E2n,J
c2
= 2~mω (2n+ J) +m2c2 − [4n2 + 4n (J + 1) + J] ~2 (α+ ηm2ω2) . (48)
As n increases, the energy spectrum (48) becomes negative. In order to preserve the bound E2n,J > 0 , one must
impose an upper bound on the allowed values of n.
By using the Jacobi polynomial property [50],
d
dx
P
(a,b)
n (x) =
n+ a+ b+ 1
2
P
(a+1,b+1)
n−1 (x) , (49)
we can derive all of the spinor components as
G0 = N Eη
J+1
2
mc2
pJ+1
(
1− ηp2)MΩ2~ P(MΩ~ − 12 ,J+ 12 )n (2ηp2 − 1) , (50)
H−1 = N ~c
√
αθ∗ζJη
J
2
mc2
pJ
(
1− ηp2)MΩ2~ + 12 ×[(
2J + 1−
MΩ
~
ηp2
(1− ηp2) + i
√
η
α
(1− λθ∗)
~θ∗
p2
(
1− ηp2)
)
P
(MΩ~ −
1
2
,J+ 1
2 )
n
(
2ηp2 − 1)
+2η
(
n+
MΩ
~
+ J + 1
)
p2P
(MΩ~ +
1
2
,J+ 3
2 )
n−1
(
2ηp2 − 1)] , (51)
H+1 = −N ~cθ
∗
√
αξJη
J
2
mc2
pJ+2
(
1− ηp2)MΩ2~ + 12 ×[(
i
√
η
α
(1− λθ∗)
~θ∗
(
1− ηp2)− MΩ~ η
(1− ηp2)
)
P
(MΩ~ −
1
2
,J+ 1
2 )
n
(
2ηp2 − 1)
+2η
(
n+
MΩ
~
+ J + 1
)
P
(MΩ~ +
1
2
,J+ 3
2 )
n−1
(
2ηp2 − 1)] . (52)
4 Vector DKP oscillator
In this section we will study the spin-one DKP oscillator in 3-dimensions. The wave function ψ possesses 10-
components and it can be expressed as
ψnJM =


iφnJYJM∑
L
fnJLY
M
JL1∑
L
gnJLY
M
JL1∑
L
hnJLY
M
JL1

 . (53)
Following the procedure used in [47–49], we substitute (53) in (17). We obtain ten equations which reduce to the
two classes associated with the (−1)J and (−1)J+1 parities. The (−1)J solutions correspond to the natural-parity
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or magnetic-like states and (−1)J+1 solutions correspond to the natural-parity or electric-like states. For the classes
of (−1)J parity, the relevant differential equations are
c
(−→
P + imω
−→
X
)
× [hnJ+1YMJJ+1 + hnJ−1YMJJ−1]+mc2fnJYMJJL = EgnJYMJJL, (54)
mc2gnJ = EfnJ , (55)
c
(−→
P − imω−→X
)
× fnJYMJJL +mc2
[
hnJ+1Y
M
JJ+1 + hnJ−1Y
M
JJ−1
]
= 0. (56)
Using the properties of the vector spherical harmonics, and substituting the expressions of Xi as given in eq. (8)
and Pi as given in eq. (9), we obtain the following coupled system,
~cθ
√
α
η
√
1− ηp2

 ζJ
(
d
dp
+ J+1
p
+ i
√
η
α
(1−θλ)
~θ
p
1−ηp2
)
H+1+
ξJ
(
d
dp
− J
p
+ i
√
η
α
(1−θλ)
~θ
p
1−ηp2
)
H−1

+mc2F0 = EG0, (57)
EF0 = mc
2G0, (58)
~cθ∗
√
α
η
√
1− ηp2ζJ
(
d
dp
− J + 1
p
+ i
√
η
α
(1− λθ∗)
~θ∗
p
1− ηp2
)
F0 = −mc2H+1, (59)
~cθ∗
√
α
η
√
1− ηp2ξJ
(
d
dp
+
J
p
+ i
√
η
α
(1− λθ∗)
~θ∗
p
1− ηp2
)
F0 = −mc2H−1. (60)
Inserting now (58), (59) and (60) in (57), the homogeneous second-order differential equation for the DKP harmonic
oscillator is obtained as[(
1− ηp2) d2
dp2
− ηp d
dp
− J (J + 1)
p2
(
1− ηp2)− ηMΩ~
(
MΩ
~
− 1)
(1− ηp2) + η
( E2
~2c2
− M
2c2
~2
+
M2Ω2
~2
)]
F0 = 0. (61)
After a change of variable βp2 = ρ, the above equation takes the form of a hypergeometric differential equation,[
ρ (1− ρ) d
2
dρ2
+
(
1
2
− ρ
)
d
dρ
− J (J + 1)
4ρ
−
MΩ
~
(
MΩ
~
− 1)
4 (1− ρ) +
1
4
( E2
~2c2
− M
2c2
~2
+
M2Ω2
~2
+ J (J + 1)
)]
F0 = 0,
(62)
whose solution can be written in term of hypergeometric functions. The physical solution reads
F0 = C (1− ρ)
MΩ
2~ ρ
J+1
2 F
(
a′, b′, J +
3
2
; ρ
)
, (63)
where
a′ =
J +MΩ+ 1
2
+
1
2
√
J (J + 1) +
M2Ω2
~2
− M
2c2
~2
+
E2
~2c2
, (64)
b′ =
J +MΩ+ 1
2
− 1
2
√
J (J + 1) +
M2Ω2
~2
− M
2c2
~2
+
E2
~2c2
. (65)
Then, we employ the quantization condition, namely b′ = −n,
J +MΩ+ 1
2
− 1
2
√
J (J + 1) +
M2Ω2
~2
− M
2c2
~2
+
E2
~2c2
= −n, (66)
where n = 0; 1; .... After a straightforward calculation, the energy spectrum of the system is given by
En,J = ±c
√
2mω~ (2n+ J + 1) +m2c2 + [4n2 + 4n (J + 1) + J + 1] ~2 (α+ ηm2ω2). (67)
However, if we remove the deformation of the space by setting α = η → 0, the energy spectrum (67) becomes
En,J = ±c
√
2mω~ (2n+ J + 1) +m2c2. (68)
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which is in accordance with [49].
For the unnatural parity states, we have a coupled system,
~θ∗c
√
α
η
√
1− ηp2

 ξJ
(
d
dp
+ J+1
p
+ i
√
η
α
(1−λθ∗)
~θ∗
p
1−ηp2
)
G+1
ζJ
(
d
dp
− J
p
+ i
√
η
α
(1−λθ∗)
~θ∗
p
1−ηp2
)
G−1

+mc2Φ0 = 0, (69)
~θc
√
α
η
ζJ
√
1− ηp2
(
d
dp
− J + 1
p
+ i
√
η
α
(1− λθ)
~θ
p
1− ηp2
)
H0 +mc
2F+1 = EG+1, (70)
~θc
√
α
η
ξJ
√
1− ηp2
(
d
dp
+
J
p
+ i
√
η
α
(1− λθ)
~θ
p
1− ηp2
)
H0 +mc
2F−1 = EG−1, (71)
~θc
√
α
η
ξJ
√
1− ηp2
(
d
dp
− J + 1
p
+ i
√
η
α
(1− λθ)
~θ
p
1− ηp2
)
Φ0 +mc
2G+1 = EF+1, (72)
~θc
√
α
η
ζJ
√
1− ηp2
(
d
dp
+
J
p
+ i
√
η
α
(1− λθ)
~θ
p
1− ηp2
)
Φ0 −mc2G−1 = −EF−1, (73)
~θ∗c
√
α
η
√
1− ηp2

 ζJ
(
d
dp
+ J+1
p
+ i
√
η
α
(1−λθ∗)
~θ∗
p
1−ηp2
)
F+1
+ξJ
(
d
dp
− J
p
+ i
√
η
α
(1−λθ+)
~θ+
p
1−ηp2
)
F−1

+mc2H0 = 0. (74)
To proceed with the exact solution of the coupled equations associated with the (−1)J+1 parity states, Eqs. (69),
(70), (71) and (72), (73), (74) for the J = 0 case are transformed into
(
F+1
G+1
)
=
~θc
√
α
η
E2 −m2c4
√
1− ηp2
(
d
dp
− 1
p
+ i
√
η
α
(1− λθ)
~θ
p
1− ηp2
)(
EξJ 0
mc2ξJ 0
)(
Φ0
H0
)
, (75)
(
F−1
G−1
)
=
~θc
√
α
η
E2 −m2c4
√
1− ηp2
(
d
dp
+ i
√
η
α
(1− λθ)
~θ
p
1− ηp2
)(
0 mc2ξJ
0 EξJ
)(
Φ0
H0
)
, (76)
[(
1− ηp2) d2
dp2
− ηp d
dp
−
MΩη
~
(1− ηp2) −
ηM2Ω2
~2
ηp2
(1− ηp2) + η
E2 −M2c4
~2c2
− 2η
(MΩ
~
− 1
2
)]
Φ0 = 0, (77)
[(
1− ηp2) d2
dp2
− βη d
dp
−
MΩη
~
(1− ηp2) −
βM2Ω2
~2
ηp2
(1− ηp2) + η
E2 −M2c4
~2c2
]
H0 = 0. (78)
Following the same method given in the spin-0 case, the energy spectra of the vector DKP oscillator in curved
Snyder space are given by
EΦ0 = ±c
√
2~mω (2n+ 2) +m2c2 + (4n2 + 4n) ~2 (α+ ηm2ω2), (79)
EH0 = ±c
√
2~mω (2n+ 1) +m2c2 + (4n2 + 4n+ 1) ~2 (α+ ηm2ω2). (80)
Finally, we will plot the natural-parity En,J levels as given in Eq. (67) as a function of variable n by taking
~ω = 10MeV and mc2 = 1GeV . We will also take J = 0. We will first make the energy function dimensionless for
a better analysis, namely,
En,J
mc2
= ±
√
2
~ω
mc2
(2n+ J + 1) + 1 + [4n2 + 4n (J + 1) + J + 1]
(
α
~2
m2c2
+ η
~2ω2
c2
)
.
We will work only for the positive values of
En,J
mc2
. We should note that, for these numerical values and for ~ = c = 1,
the coefficient of the α-parameter ( ~
2
m2c2
) is of the order 10−6 and the coefficient of the η-parameter (~
2ω2
c2
) is of
the order 102. Generally, the contribution of the α-parameter increases with m−2 and the contribution of the η
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Figure 1: (EnJ
mc2
vs. n) for some α values (η = 0).
Figure 2: (EnJ
mc2
vs. n) for some α values (η = 0.001).
parameter increases with ω2 as the ~
2
c2
factor is common. This fact can be seen by comparing the first set of the
figures (1), (2) with the second set given by Figs. (3), (4).
In Fig. (1), we fix η = 0 and plot the energy eigenvalues for different values of the parameter α. The α-
dependence becomes clearer as n increases. If we change η to a non-zero value, namely η = 0.001 as in Fig. (2),
we see that the behavior of the curves changes and the α-dependence becomes negligible as the non-zero η value
dominates the behavior. In Figs. (3) and (4), we fix α = 0 and α = 10, respectively. We plot for different values of
the parameter η. It can be seen that changes in the η values affect the behavior of the energy spectrum extensively.
However, the α-dependence is ignorable as its coefficient is very small with respect to the η-term as mentioned
above.
Figure 3: (EnJ
mc2
vs. n) for some η values (α = 0).
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Figure 4: (EnJ
mc2
vs. n) for some η values (α = 10).
5 Conclusion
We studied the three dimensional scalar and vector DKP oscillators in momentum space for the case of Snyder-de
Sitter model, which is an extension of the Snyder model which is called the triply special relativity (TSR).
By introducing the technique of vector spherical harmonics, we obtained the exact energy spectrum and corre-
sponding eigenfunctions expressed in terms of Jacobi polynomials for the both cases. We employed the condition
that yields a polynomial solution for a hypergeometric function as the quantization condition to obtain the energy
spectra. Furthermore, we argued that the η-dependence is more significant for the numerical values of a typical
physical system. For η = 0, the behavior of the curves is governed by the parameter α, especially for large n values.
However, even for a small non-zero η, the α-dependence becomes negligible. This fact is also observed when we fix
α and plot for different values of the parameter η.
The energy levels show a dependence on n2 which explains the confinement at the high energy sector. It should
be emphasized that in the limit α → 0 one recovers the Snyder algebra and, in the limit η → 0 one recovers the
deformed Heisenberg algebra in de Sitter space as expected. The undeformed Heisenberg algebra is obtained in the
limit when α and η both tend to zero.
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